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Abstract 
In transport relationships for porous media, chemical dispersivity is an important parameter for estimation of pollutant migration.  
This study was conducted to evaluate the effects of scale on dispersivity for homogeneous media and fractal media.  The 
approach used to estimate scale was transport distance along the column downstream from the applied chemical.  Columns 
containing homogeneous media and fractal media were evaluated for chemical breakthrough using computed tomography (CT) 
imaging.  The advection-dispersion transport equation appeared to be appropriate for estimating the parameters.  Some columns 
showed that dispersivity was potentially a function of distance from the upstream end of the column.  These tests indicated that 
dispersivity through the fractal media was not consistently dependent upon distance.  Estimates were obtained for individual CT 
image scan pixels or selected groups of pixels.  Some values determined from a curve fit method or a mean breakthrough slope 
method were found to be scale dependent.  Results from this experiment suggest dispersivity may be dependent upon the 
sampling fraction rather than the straight-line length solute travels through media. 
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1. Introduction 
 
Water resources are vunerable to pollutant transport through porous media.  This is an important area of study for 
assessing risks to groundwater quality.  Accurate prediction of transport behavior is essential for understanding how 
pollutant materials move through porous media; thus, fluid properties of media and their variability in space are 
needed.  Fractal analysis is one method of quantitatively describing spatial changes in these properties.  The fractal 
properties of porous media such as fractal dimension can assist in understanding the structural properties of the 
media (Dathe and Thullner, 2005).  Computed tomography (CT) methods can be used to assess the fractal 
dimension and macropore structure of geologic and soil materials (Peyton et al., 1994; Udawatta and Anderson, 
2008).   
The fractal dimension is a measure of the distribution of inner pore sizes in media.  Macroporosity and water 
retention in porous media can be evaluated using fractal theory to compare structural complexities and values as 
Available online at www.sciencedirect.com
© 2013 The Authors. Published by Elsevier B.V.
Selection and peer-review under responsibility of Missouri University of Science and Technology 
Open access under CC BY-NC-ND license.
Open access under CC BY-NC-ND license.
196   S.H. Anderson et al. /  Procedia Computer Science  20 ( 2013 )  195 – 200 
well as used for an index (Tyler and Wheatcraft, 1989; Rasiah, 1995; Perret et al., 2003). Fractal dimension values 
between 1.011 and 1.485 have been determined by past researchers in sand to silty clay loam textured soils (Tyler 
and Wheatcraft, 1989). Other researchers found that saturated hydraulic conductivity was highly correlated (r =
0.87) with CT-measured macroporosity (Udawatta and Anderson, 2008).
One tool for advancing dynamic solute transport research is the application of X-ray computed tomography
techniques as a diagnostic tool for geologic and soil materials (Anderson et al., 2003).   There have only been a few 
studies quantifying macropore-scale structure chemical dispersivity and fluid velocity using CT methods (Anderson
et al., 2003).  Assessing the macropore-scale variability of solute transport parameters will play an important role in
predicting the fate and transport of chemicals through heterogeneous porous media systems.  The fractal dimension 
of chemical dispersivity can provide a useful indicator to differentiate solute transport through porous media.  The 
objectives of this study were to evaluate whether CT-measured dispersivity in homogeneous core samples and in 
prepared fractal core samples was fractal, and if so, to determine the fractal dimension of this property.
2. Materials and Methods
Experimental Samples Three homogeneous porous media (HPM) core samples were prepared using 44 to 88 m
glass beads. These samples were prepared using several 10 to 20 mm layers in 76.2 mm diam. by 76.2 mm long
Plexiglas cylinders. In addition, three artificial fractal porous media (FPM) core samples were prepared using a mix
of glass beads. The mixture contained glass beads ranging from 0.045 to 22.2 mm diameter (Table 1). 
For the FPM cores, a linear relationship between log(N) and log(r) was developed with a slope of D=3.20 where
N is the number of beads for a given radius, r, and D is the fractal dimension.  The beads were mixed and the
samples were prepared using several 20 mm layers in the 76.2 by 76.2 mm Plexiglas cylinders.  Additional mixing 
was done during sample preparation to make sure the beads were well mixed.
Table 1.  Number and mass of glass beads per batch in 
fractal porous media.
Size (mm) Number of beads
Mass of 
beads (g)    
22.2
14.3
8.00
4.00-4.75
2.00-2.80
1.00-1.40
0.425-0.600
0.212-0.300
0.106-0.150
0.045-0.090
1
4
26
182
1,240
 11,400
173,000
1,600,000
14,700,000
114,000,000
14.4
15.7
17.6
19.9
22.4
25.8
30.5
35.1
40.3
45.8
Table 2.  Mean dispersivity (with standard deviation in 
parentheses) using three different estimation methods, average of 
all four scan planes for all replicate core samples.
Type of 
Porous Media
Mean Slope
Method
Curve Fit
Method
Pixel Group
Method
Fractal Porous
Media
Homogeneous
Porous Media
cm
0.151
(0.057)
0.034
(0.024)
cm
0.098
(0.037)
0.030
(0.019)
cm
0.048
(0.017)
0.016
(0.0065)
Solute Transport Parameters Transport of solutes in porous media follows the convection-dispersion equation for 
one-dimensional flow:
 [1]
where Cl is concentration (M L-3), t is time (T); z is distance (L), v is pore-water velocity (L T-1), and Ds is the 
dispersion coefficient (L2 T-1).  Experiments were conducted during this study to estimate the transport parameters.
Measured relative concentration (KI solute) versus time was determined for each core.  The sample was saturated
with a solution containing 6.1 g L-1 CaCl2 and 1.8 g L-1 MgCl2, taken to the scanner, and scanned at selected
distances along the core as a solution of 7.5 g L-1 KI was pulsed through the samples with a pump to achieve a pore-
water velocity of 0.30 cm/min in each core.  Each core was positioned in the gantry of the CT scanner with its
longitudinal axis oriented horizontally.  When the assembly was set on the scanner table, the scanner was calibrated
at the beginning of the experiment within the core saturated with the original solution and at the end of the
experiment within the core saturated with the KI solution.  During the experiment the CT scan plane, perpendicular 
to the longitudinal axis, was placed at selected positions in the core.  Four scan planes were used along each core
sample, 18 mm, 33 mm, 51 mm, and 71 mm from the inflow end of the core.  These planes were chosen to provide
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nearly equal spacing when they were plotted on a logarithmic length scale. An X-ray CT scanner using a 125 peak 
kVp X-ray beam with a pixel resolution of 0.5 by 0.5 mm and scan thickness of 2.0 mm was used for imaging. 
Experiments were completed after 60 minutes with scans taken every 30 seconds.
Effluent from the downstream end of the breakthrough assembly was collected during the experiment every 60 s. 
Concentration of effluent samples was determined using an iodide ion selective electrode and a reference electrode
(Anderson et al., 2003).
Relative CT numbers from the KI breakthrough were plotted, and a smoothed CT-measured breakthrough curve 
was obtained.  Pore-water velocity (v) was estimated using the following relationship, v = L/tb, where L is the 
longitudinal length of core, and tb is pixel breakthrough time when the relative pixel concentration is 0.50. Solute
dispersivity ( ) was estimated using the following relationship, = Ds/v, where Ds is the dispersion coefficient and
estimated using the KI data with the following relation, Ds = vL/4 S2, where S is the slope of the breakthrough curve
at relative concentration equal to 0.50.
Dispersivity for the core samples was estimated using three methods:  mean slope method, curve fit method, and
pixel group method.  The mean slope method used the breakthrough curve information for each scan plane in each
core sample to estimate dispersivity.  The curve fit method fit the non-linear solution for the convection-dispersion
equation to the breakthrough curve information for each scan plane in each core sample to estimate dispersivity. 
The pixel group method used the breakthrough curve information for a pixel group of 200 x 200 pixels centered in 
each scan plane for each core sample to estimate dispersivity.
Estimation of Fractal Dimension For this study, fractal dimension D, was estimated using a couple of methods.  
One method used was the mass versus radius relationship.  Consider a set of points distributed over a straight line. 
The number of points contained within a ball of radius r, is M(r), and M(r) is proportional to r.  This relationship can 
be generalized to M(r) proportional to rD, where D is the fractal dimension.  Plotting M(r) versus r will yield a line 
whose slope is D.
Hurst (Feder, 1988) developed a method to measure the long-run correlation of data.  This method is also
known as the rescaled range analysis.  Given a series of some function b(t), the mean of b over a lag t is
[2]
The accumulated departure from the mean, X(t, ) is given by
[3]
The rescaled range, R, is given by
[4]
For fractal data sets, the range divided by the standard deviation, S(t), follows the relationship
[5]
where H is known as the Hurst exponent and D = 2 - H.  
2. Results and Discussion
Dispersivity Values Breakthrough experiments were conducted for each core sample with results similar to data
shown in Figure 1. Solutions for the convection-dispersion equation were fit to the data. It is apparent that this
equation is an appropriate solution for the flow experiments.
Figure 2 illustrates estimated dispersivity values as a function of distance from the inflow end of each soil core. 
For the mean slope method, dispersivity for the HPM cores (Fig. 2a) did not change much as a function of distance
along the core sample.  There were some deviations which occurred, for example in Core #2 between the two
middle distances.  For the FPM cores (Fig. 2b), dispersivity was fairly constant as a function of distance with one
main outlier (Core #2, third position).
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Fig. 1.  Breakthrough curve results at outflow end (effluent) and
four positions (xs) from inflow end of a sample core.  Lines
illustrate fitted curves. Relative concentrations are plotted on the
y-axis (NACTN = normalized average CT number).
Table 3.  Fractal dimension values from Hurst R/S analysis.  
D = 2.0 - H.
Sample Mean H H D
FPM 1
FPM 2
FPM 3
HPM 1
HPM 2
HPM 3
0.875
0.906
0.879 
   0.917
0.910
0.885
0.142
0.181
0.152
0.0709
0.0612
0.0608
1.125
1.094
1.121
1.083
1.090
1.115
                       
Fig. 2.  Dispersivity versus distance for three homogeneous porous media samples (HPM) (a, c, e) and three fractal porous media samples 
(FPM) (b, d, f).  (a),(b) Estimated using mean slope method;(c),(d) estimated using the curve fit method; and (e),(f) estimated using pixel
group method.
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For the curve fit method, dispersivity did not change as a function of distance for the HPM cores (Fig. 2c); 
however there were a couple of outliers (the last two positions for Core #2).  For the FPM cores (Fig. 2d), 
dispersivity did not change much with distance along the column; dispersivity did increase slightly with distance for 
Core #2, but slightly decreased with distance for the other cores (except for position 3 for Core #1). 
For the pixel group method, dispersivity seemed to slightly decrease as a function of distance for the HPM cores 
(Fig. 2e); although there were a couple of outliers.  For the FPM cores (Fig. 2f), dispersivity seemed to slightly 
increase with distance along the column; although there was one outlier (first position for Core #3).  Average results 
of solute dispersivity for the three estimation methods are shown in Table 2.  Average dispersivity values were 
approximately three to four times higher for the FPM cores compared to the HPM cores.  This is expected since the 
fractal porous media has a higher degree of dispersivity relative to homogeneous porous media.  The mean slope 
method and the curve fit method appeared to have better agreement for dispersivity results for these core samples.
 
Fractal Dimension  Plots of the logarithm of dispersivity estimated using the mean slope method versus logarithm 
of distance were evaluated.  Wheatcraft and Tyler (1988) indicated that the slope of the line through these types of 
data should be equal to 2D-1 with D ranging from 1 to 2 (slopes would range from 1.0 to 3.0).  The data from these 
estimates indicate dispersivity is not fractal since the D values determined from the slopes were less than 1.0.  This 
suggests that the streamtube flow model of Wheatcraft and Tyler (1988) is not valid for these porous media.  
Additional data from undisturbed natural loamy sand cores were obtained which are shown in Fig. 3.  These data 
show a stronger relationship of increasing dispersivity with distance; however, these data also provide D values less 
than 1.0 providing further evidence that the streamtube flow model is not valid for these porous media.  
Fractal dimension values estimated using the Hurst R/S analysis are shown in Table 3.  The mean and variance 
of the Hurst exponent are also listed.  Fractal dimension values are within the expected range for porous media.  
Values for HPM ranged from 1.08 to 1.12 and values for FPM ranged from 1.09 to 1.13.  However, the estimated 
fractal dimension values may have been affected by beam hardening with the CT method which can affect the Hurst 
analysis. 
Another method was used to estimate fractal dimension:  the mass versus radius relationship.  In this analysis, 
the sum of the CT numbers within a given radius of the center of the porous media sample was used as a measure of 
mass since the CT numbers vary as a function of the density of the sample.  Table 4 shows the fractal dimension 
values estimated using the sum of CT numbers (CTN) versus radius relationship method as a function of distance 
along the core.  Some of these fractal dimension numbers appear higher than expected; one possible reason may be 
beam hardening within the scanner image.  Most of the dimension values are near 2.0, which implies the distribution 
of the CT numbers is approximately uniform.  A few of the FPM samples are lower than 2.0 (5 out of 12) while the 
HPM samples are all higher than 2.0.  
Fractal dimension was also estimated using the mass versus radius relationship using the sum of the porosities 
within a given radius.  Table 5 shows the fractal dimension values estimated using this method as a function of 
distance along the core.  Values using this method were all slightly less than 2.0, both for HPM and FPM samples. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3.  Plot of log(dispersivity) versus log(distance) for natural porous media cores using the mean slope method. 
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Table 4.  Fractal dimension values as a function of distance from inflow end of core using the sum of CTN  
versus radius relationship method. 
 
Sample 
 
x=1.78 cm 
 
x=3.30 cm 
 
x=5.08 cm 
 
x=7.11 cm 
 
 
 
FPM 1 
FPM 2 
FPM 3 
 
HPM 1 
HPM 2 
HPM 3 
 
2.26 
1.99 
2.24 
 
2.11 
2.14 
2.11 
 
1.85 
2.05 
1.70 
 
2.10 
2.12 
2.15 
 
2.17 
2.22 
2.37 
 
2.14 
2.09 
2.12 
 
1.85 
2.18 
1.47 
 
2.11 
2.11 
2.19 
 
 
Table 5.  Fractal dimension values as a function of distance from inflow end of core using the sum of porosity 
versus radius relationship method. 
 
Sample 
 
x=1.78 cm 
 
x=3.30 cm 
 
x=5.08 cm 
 
x=7.11 cm 
 
 
 
FPM 1 
FPM 2 
FPM 3 
 
HPM 1 
HPM 2 
HPM 3 
 
1.97 
1.96 
1.96 
 
1.94 
1.95 
1.94 
 
1.93 
1.94 
1.95 
 
1.94 
1.94 
1.94 
 
1.95 
1.96 
1.96 
 
1.94 
1.95 
1.94 
 
1.96 
1.94 
1.99 
 
1.95 
1.95 
1.96 
 
 
4. Conclusions 
 
Three methods to estimate chemical dispersivity in porous media were used in this study:  mean slope method, 
curve fit method, and group pixel method.  Columns containing homogeneous and artificial fractal porous media 
were evaluated for solute transport using computed tomography.  Results from the experiments showed that 
dispersivity did not have a strong functional relationship of distance from the upstream end in the column for these 
materials.  Values estimated using the mean slope method or the curve fit method were found to be similar.  Fractal 
dimension values appeared within appropriate ranges when estimated for the core samples using the mass versus 
radius relationship.  Results using the Hurst method determined fractal dimension values below the expected range.  
Results suggest dispersivity may be dependent upon the sampling volume rather than the straight-line length solute 
travels.  This study illustrates that CT is a useful technique to estimate solute transport through porous materials. 
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